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In this work, we study structural and vibrational properties of multilayer graphene using density-
functional theory (DFT) with van der Waals (vdW) functionals. Initially, we analyze how different
vdW functionals compare by evaluating the lattice parameters, elastic constants and vibrational
frequencies of low energy optical modes of graphite. Our results indicate that the vdW-DF1-optB88
functional has the best overall performance on the description of vibrational properties. Next, we
use this functional to study the influence of the vdW interactions on the structural and vibrational
properties of multilayer graphene. Specifically, we evaluate binding energies, interlayer distances and
phonon frequencies of layer breathing and shear modes. We observe excellent agreement between
our calculated results and available experimental data, which suggests that this functional has truly
predictive power for layer-breathing and shear frequencies that have not been measured yet. This
indicates that careful selected vdW functionals can describe interlayer bonding in graphene-related
systems with good accuracy.
I. INTRODUCTION
Since the experimental realization of graphene [1–5],
an extensive number of studies have been made on this
material and related structures due to their remarkable
properties and potential applications [6–10]. In particu-
lar, one class of graphene related materials that is of great
interest is multilayer graphene. N -layer graphene (NLG)
consists of N stacked graphene layers, which can have
different orientations with respect to each other. Their
mechanical, electronic and optical properties strongly de-
pend on N and their relative [11, 12] orientations, result-
ing in a wide variety of potential applications [13, 14].
These materials are stable due to the van der Waals
(vdW) interactions between layers (as in graphite).
Therefore, in order to study them from a theoretical
point of view, one needs a good description of these
dispersive interactions, specially for properties related
to interlayer bonding, stiffness and vibrations. In par-
ticular, the effects of vdW interactions can be detected
in Raman spectroscopy, as interlayer vibrations in
2D materials can be measured by this technique with
great precision. For this reason, Raman scattering may
be used as a tool to evaluate the accuracy of various
theoretical implementations of vdW interactions in
density-functional theory (DFT) calculations [15–20].
In DFT, the exact exchange-correlation functional
should in principle contain vdW interactions. However,
the exact functional is unknown, and commonly used lo-
cal (LDA) and semilocal (GGA) approximations do not
capture the effects of vdW interactions, which are dis-
persion forces arising from long-range electron-electron
correlations [22, 23]. In graphite, it is known that GGA
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functionals considerably overestimate the interlayer dis-
tance, while describing well the in-plane carbon-carbon
distances. On the other hand, LDA functionals give a
good interplanar distance (although smaller than the ex-
perimental value) and underestimates the covalent bond
lengths [24].
In recent works, non-local vdW exchange-correlation
functionals were developed aiming to describe the proper-
ties of layered materials, adsorption processes and other
phenomena [25–33]. In particular, in the vdW-DF fam-
ily of functionals [25], the exchange-correlation energy is
given by:
Exc[n] = E
GGA
x [n] + E
LDA
c [n] + E
nl
c [n] (1)
where x and c label the exchange and correlation parts
of the corresponding functionals, respectively, and Enlc [n]
is a non-local correlation energy given by
Enlc [n] =
∫
d3rd3r′n(r)φ[n](r, r′)n(r′) (2)
where φ[n] is a two-point kernel function and n(r) is the
electronic density. The different functionals in this family
consist of different combinations of flavors for the GGA
exchange and LDA correlation, as well as different forms
for the two-point kernel [25–33]. They were tailored to
describe properties of specific systems, such as the inter-
action energy of dimer pairs and the structure of small
molecules. Therefore, their performances can dramati-
cally change depending on chemical environment. For a
complete overview see Refs. 22 and 34.
In this work, we compare the performances of differ-
ent vdW functionals from the DF family in describing
the elastic constants, binding energy and vibrational fre-
quencies of the shear and layer breathing modes (LBM) of
graphite. Our results indicate that the vdW-DF1-optB88
functional is the best suited functional for graphene-
based systems. Next, we use this functional to calcu-
late interlayer distances, binding energies and phonon
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2frequencies of NLG. We find that the inclusion of vdW
interactions is especially important for an accurate de-
scription of interlayer distances and out-of-plane vibra-
tional modes.
II. METHODS
All DFT calculations were performed using the Quan-
tum Espresso package [35, 36]. Energy cutoffs of 60 and
480 Ry are used for the plane-wave expansion of the
wavefunctions and electronic density, respectively. For
graphite calculations, several functionals are used. For
LDA and GGA calculations, we use the PZ and PBE
functionals, respectively [37, 38]. For vdW calculations,
we employ different functionals from the vdW-DF family
[25–33]. In all cases, we use RRKJ ultrasoft pseudopo-
tentials for the ion-electron interaction, including a non-
linear core correction [39]. It should be noted that, so
far, pseudopotentials for non-local functionals have not
been developed, so we use a GGA-derived potential for
the vdW calculations as in [32].
Structural optimizations are done with a convergence
threshold on forces of 10−6 Ry/bohr and on energies of
10−5 Ry. To sample the Brillouin Zone, we have used
Monkhorst-Pack meshes of dimensions 16 × 16 × 16 for
graphite and 16× 16× 1 for NLG.
The elastic constants of graphite are calculated from
second order derivatives of the total energy with respect
to the lattice parameters [24, 40]:
C11 + C12 =
1√
3c0
∂2E
∂a2
C33 =
2c0√
3a20
∂2E
∂c2
C13 =
1√
3a0
∂2E
∂a∂c
(3)
where the derivatives are evaluated at equilibrium. In or-
der to calculate these derivatives, we compute the total
energy for several values of a and c around the equilib-
rium values a0 and c0. The resulting energy landscape is
then fitted to two-dimensional fourth order Taylor expan-
sion and the second order coeficients provide the required
derivatives. Exfoliation energies per area for graphite and
NLG are calculated using the following equation
∆Eex(N) = − (EN − EN−1 − Egraphene)
A
(4)
and binding energies per area per layer are calculated
using the following equation
∆Eb(N) = − (EN/N − Egraphene)
A
(5)
where EN is the total energy per unit cell of NLG or
graphite, and Egraphene is the graphene total energy per
unit cell, and A is the basal area of the unit cell. All
energies are calculated for fully relaxed systems, there-
fore the calculated exfoliation energies for NLG include
surface relaxation effects. In the case of graphite, in the
limit N → ∞, the exfoliation energy coincides with the
binding energy [41].
III. RESULTS AND DISCUSSION
A. Graphite
Results for lattice constants, elastic constants, bind-
ing energies and vibrational frequencies of graphite are
shown in Table I for different functionals. Note that LDA
underestimates the value of a0 and GGA overestimates
the value of c0, as expected. All vdW functionals give
good values of a0, with the vdw-DF2 showing the largest
deviation from the experimental value. For c0, most vdW
functionals show good agreement with experiment. Ex-
ceptions are the vdW-DF1 and vdW-DF2 functionals,
which show the largest deviations.
All calculated C13 values are negative, in agreement
with previous theoretical works [24]. Experimental val-
ues lie in the range 0-15 GPa, with an error bar of 3 GPa,
so a negative value cannot be entirely discarded. Note
that most vdW functionals give elastic constants with ab-
solute values larger than LDA as these elastic constants
are related to the interactions between graphene layers.
Finally, GGA, vdW-DF1 and vdW-DF2 provide inaccu-
rate descriptions of C11+C12 because these functionals do
not describe very well the interplanar distance. The use
of experimental values a0 and c0 in Eq. (3) may improve
the evaluation of these elastic constants, as discussed in
Ref. 24.
In Fig. 1, the total energy difference (per area and
per layer) between graphite and graphene as a function
of interlayer separation is shown. The minimum value is,
by definition, the negative of the binding energy, whose
values for different functionals are also reported in Table
I. Experimental values for the exfoliation (or binding) en-
ergies are displayed by horizontal dotted lines. We can
see that the LDA and GGA functionals give very small
values for this quantity in comparison with experimental
results while all vdW functionals tend to overestimate it.
Our results show a good agreement with other theoretical
calculations (reported in Table I) using Quantum Monte
Carlo [51], adiabatic-connection fluctuation-dissipation
theorem in the random phase approximation (ACFDT-
RPA) [50], DFT-D and TS-vdW methods [49, 52] and
vdW functionals [52]. For vdW functionals, it is possi-
ble to see two families of curves in the range from 4A˚
to 7A˚. The solid lines are the vdW-DF type functionals
and dashed lines are vdW-DF2 type functionals. Each
set converges to a particular asymptotic curve, due to
the different asymptotic behaviors of DF1 and DF2 ker-
3Table I: Calculated lattice parameters a0 and c0, elastic constants, C13, C33 and C11 + C12, binding energies ∆Eb,
frequencies of shear and layer breathing modes (LBM) of graphite and mean relative dispersion ∆ and ∆freq (explained in
text), as given by different functionals employed on this work.
a0 c0 C13 C33 C11 + C12 ∆Eb Shear Mode LBM ∆ ∆freq
(A˚) (A˚) (GPa) (GPa) (GPa) (J/m2) (cm−1) (cm−1) (%) (%)
exp. values 2.459b 6.706b 15c 36.5c 1240c 0.32±0.03g, 0.19±0.01h 42e 127e - -
0d 38.7d 1248d 0.21±0.06i, 0.33j 43.5f, 44.03k
Reference valuesa - 6.706 - 37.6 - 0.2625 43.2 127 - -
This work
GGA 2.46 8.27 -0.5 3.7 1005.9 0.01 10.4 36.7 71.4 73.5
LDA 2.45 6.62 -2.8 32.0 1309.5 0.15 44.2 118.8 13.6 4.4
RVV10 2.48 6.71 -4.3 44.7 1210.3 0.43 42.4 145.0 19.7 8.0
vdW-DF1 2.47 7.15 -2.8 27.1 1124.9 0.33 28.2 108.7 21.9 24.5
vdW-DF1-c09 2.46 6.45 -4.0 48.2 1299.4 0.47 50.9 151.5 29.7 18.6
vdw-DF1-cx 2.46 6.55 -3.8 47.7 1276.9 0.40 47.1 137.5 19.8 8.7
vdW-DF1-optB86b 2.46 6.61 -3.9 48.1 1255.3 0.44 44.8 138.9 22.0 6.6
vdW-DF1-optB88 2.47 6.68 -3.7 42.2 1230.2 0.43 42.2 138.6 17.6 5.7
vdW-DF2 2.49 7.05 -3.3 34.7 1111.1 0.33 31.9 123.4 13.5 14.5
vdW-DF2-B86r 2.47 6.63 -4.0 40.7 1250.1 0.37 44.6 137.6 12.4 5.8
vdW-DF2-c09 2.46 6.53 -4.1 42.0 1277.6 0.34 54.3 141.9 16.3 18.8
Other theoretical works
GGA [24] 2.46 8.49 -0.46 2.4 976 - 8 28 - -
LDA [24] 2.44 6.68 -2.8 29 1283 - 44 113 - -
PBE+D2 [49] 2.461 6.444 - 22.04 - 0.34 - - - -
PBE+D3 [49] 2.464 6.965 - 13.09 - 0.29 - - - -
PBE+D3-BJ [49] 2.464 6.745 - 17.16 - 0.32 - - - -
PBE+TS [49] 2.458 6.665 - 34.61 - 0.50 - - - -
PBE+TS+SCS [49] 2.461 6.633 - 26.79 - 0.33 - - - -
ACFDT-RPA [50] - 6.68 - 36 - 0.29 - - - -
QMC [51] - 6.852 - - - 0.34±0.03 - - - -
LDA [52] - 6.668 - 23.67 - 0.14 - - - -
LDA+D2 [52] - 5.978 - 95.23 - 0.70 - - - -
PBE [52] - 8.838 - 1.390 - 0.005 - - - -
PBE+D2 [52] - 6.462 - 42.44 - 0.37 - - - -
optPBE+D2 [52] - 6.894 - 33.15 - 0.39 - - - -
vdW-DF1-optB88 [52] - 6.712 - 40.37 - 0.42 - - - -
rPW86/vdW-DF2 [52] - 7.048 - 34.11 - 0.32 - - - -
a Mean of experimental values. These values were used as reference values to evaluate the performance of the vdW functionals.
b Ref. 42
c Ref. 43
d Ref. 44
e Ref. 15
f Ref. 16
g Ref. 45
h Ref. 46
i Ref. 47
j Ref. 48
k Ref. 20
nels in Eq. 2 [27].
By using the frozen-phonon technique, the frequencies
of the layer shear and breathing modes (LBM) are calcu-
lated and reported in Table I. In this technique, phonon
frequencies are calculated from the curvature of the en-
ergy versus displacement curves. The atomic displace-
ments are performed according to a given normal mode,
such that the energy differences with respect to the equi-
librium configuration are solely due to this mode [53].
Several vdW functionals (and, interestingly, also LDA)
display frequencies with reasonably good agreement with
experiment [15, 16].
To evaluate the performance of different functionals
we calculated the mean relative standard deviation ∆ =
(
∑
i
√
(xcalc,i − xref,i)2/xref,i)/M (M is the number of
evaluated properties) between calculated and reference
experimental values (xref,i) for each functional using the
following quantities: c0, C33, ∆Eb and the frequencies
of shear and layer breathing modes, as these quanti-
ties strongly depend on vdW interactions. C13 was not
4Figure 1: Total energy difference per unit area between
graphite and graphene as a function of the interlayer
distance for different functionals. The vertical dotted line
corresponds to the experimental interlayer distance and
horizontal dotted lines correspond to the experimental
values reported in Table I. The zero energy corresponds to
graphene energy per unit area.
taken into account as all calculated values are far from
experimental values reported in Table I. The reference
experimental values are taken as the mean of avaiable
experimental data and they are also shown in Table I.
Based on this analysis, the functional with best overall
performance would be vdW-DF2-B86r. However, since
our main objective in this work is the calculation of vi-
brational frequencies in NLG, we also calculate the mean
deviation restricted to the LBM and shear-mode vibra-
tional frequencies, labeled ∆freq in Table I. Based on this
more restricted analysis the vdW-DF1-optB88 functional
shows the best performance with a standard deviation of
5.7%. It should also be mentioned that, even though the
LDA functional also has a good performance, it gives a
quite poor description of the binding energy of graphite,
so we choose the vdW-DF1-optB88 for the study of the
vibrational properties of NLG.
By analizing the results in Table I, we notice a corre-
lation, shown in Fig. 2, between equilibrium c lattice pa-
rameters and calculated frequencies using different func-
tionals (green and blue circles). Frequencies tend to be
higher for smaller interlayer distances. As a matter of
fact, this seems to be a fairly universal trend, as it is ap-
proximately followed by experimental results in graphite
at zero (red circles) and non-zero pressures (black line
and crosses), and also by calculations using the vdW-
DF1-optB88 functional and varying the interplanar dis-
tance (green dashed line). As one can see, the results for
this functional follow very well the experimental trends
as a function of pressure.
Figure 2: Calculated frequencies for the LBM and shear
mode of graphite as a function of the equilibrium
out-of-plane lattice constant for each functional used in this
work. The data points are taken from Table I and are
represented by green and blue points. The green points are
results given by the vdW-DF1-optB88 functional, while blue
points are results from other functionals (GGA not
included). The green dashed lines correspond to frequencies
calculated using the vdW-DF1-optB88 functional for
different interlayer distances, which do not correspond to the
equilibrium value for this functional. Red points are
experimental values from Ref.15. The black line and black
crosses are experimental results from Refs. 42 and 54,
respectively.
B. N-Layer Graphene
By using the vdW-DF1-optB88 functional, we eval-
uated the structural and vibrational properties of mul-
tilayer graphene, from the bilayer (N = 2) up to 6
stacked layers. In all cases, the layers are AB (Bernal)
stacked. The calculated binding and exfoliation energies
are shown in Fig. 3. As expected, they both converge
to the graphite value with increasing number of layers.
The green and red curves are fits given by the following
equation:
∆Eex(b)(N) =
A
N b
+ ∆Eex(b)(∞) (6)
where ∆Eex(b)(∞) corresponds to graphite. For NLG, by
using the vdW-DF1-optB88 functional, we find b = 0.90
for the binding case and b = 3.20 for the exfoliation
case. Therefore, the binding energy varies more slowly
with N , but both binding and exfoliation energies yield
the graphite exfoliation energy ∆Eex(∞) in the limit
N →∞, as expected. In fact, the values of ∆Eex(∞) as
given by each fit differ from the actual value by less than
0.014J/m2. We have also calculated the interlayer dis-
5Figure 3: Binding (green square dots) and exfoliation (red
circular dots) energies per unit area of NLG as a function of
the number of layers using vdW-DF1-optB88 functional.
Dashed line corresponds to graphite binding energy and
solid lines are fits given by Eq. 6.
tances in all cases and variations with respect to graphite
values are smaller than 0.015A˚.
We also evaluated the interlayer distance and the en-
ergy difference between AA and AB stackings for 2LG
and graphite (Table II) due to the increasing importance
of studies in twisted bilayer graphene (t2LG) [13]. As
t2LG is composed by AA and AB domains the interlayer
distance an coupling strength between the layers varies
through this material [19].
Phonon frequencies are evaluated by using the method
of finite differences. Starting from the relaxed structure
in each case, displacements of the i-th sheet and in the µ
direction (µ = x, y or z) are applied and the forces on the
j-th sheet and ν direction (ν = x, y or z) are computed.
In this work, the evaluated optical modes correspond to
rigid displacements of the graphene sheets without any
internal displacements. Therefore, the corresponding fre-
quencies are evaluated at the Γ point of the Brillouin
Zone, and they are shown in Fig. 4. Red dots are cal-
culations using vdW-DF1-optb88 functional within the
harmonic approximation. Anharmonicity effects are also
taken into account by using first-order perturbation the-
ory (see below) and the corresponding results are repre-
sented by black triangles. The remaining dots are ex-
perimental results (details are given in the figure cap-
tion). Wherever experimental results are avaiable, the
agreement between theory and experiment is quite good.
Therefore, it is safe to assume that our theoretical results
have good predictive power for the remaining cases.
The dashed lines in Fig. 4 are obtained by using
a model of interactions of equal magnitude between
nearest-neighbor layers in which our system is modeled
as N masses connected by N − 1 springs to compute the
frequencies of the LBM and shear modes. In this model,
the frequencies are given by [16, 20]
Figure 4: Layer breathing (a) and shear (b) mode
frequencies of NLG and graphite at the Γ point. Red dots
are calculations using the vdW-DF1-optB88 functional and
black triangles are calculations including first order
perturbation theory (see text). Experimental values given in
Ref. 17 (blue crosses), Ref. 16(pink crosses), Ref. 20(black
plus crosses), Ref. 15 (gray crosses) and Ref. 18 (brown
crosses). Dashed lines are predictions using the experimental
values of graphite and Eq. (7) for the upper and lower
branches.
ω2N,i =
ω2graphite
2
[
1− cos
(
pi(i− 1)
N
)]
, (7)
where i = 2, ..., N is the mode index, N is the num-
ber of layers and ωgraphite is the frequency of the corre-
sponding mode in graphite. This equation can be used
to predict the frequencies of NLG from the correspond-
ing graphite frequencies, as shown by the dashed lines
in Fig. 4. By using the average of available experi-
mental data for graphite frequencies, we have plotted,
for clarity, only the curves corresponding to the upper
and lower branches of Eq. 7 (i = N and i = 2, respec-
tively) [16, 17, 20]. For both modes, this simple ana-
lytical model shows good agreement with our calculated
results and available experimental data. This suggest
that it is a good approximation to consider only inter-
actions between nearest-neighbor layers. Indeed, as a
by-product of our finite-difference phonon calculations,
we obtain the effective force constants between pairs of
layers for both normal (LBM) and tangential (shear) dis-
placements. They are shown in Fig. 5 and one can notice
that, for all systems, the effective force constants between
nearest-neighbor layers is typically one order of magni-
tude larger than for second neighbors and beyond.
6Table II: Interlayer distance and energy difference between AA and AB stackings (EAA − EAB) for graphite and 2LG.
Interlayer Distance (A˚) EAA − EAB (meV/atom)
AA AB
Graphite vdW-DF1-optB88 3.528 3.343 10.5
vdW-DF1-optB86b 3.522 3.316 11.3
2LG vdW-DF1-optB88 3.462 3.362 4.7
vdW-DF1-optB86b 3.522 3.316 5.0
Exp [55] - 3.35 -
Finally, we also study the effects of anharmonicity by
applying first-order perturbation theory to the finite dif-
ferences results. The total energy vs. displacement curve
in the harmonic approximation is written as an oscillator
potential energy:
V0 =
1
2m
ω20,shear(x
2 + y2) +
1
2m
ω20,LBMz
2, (8)
which is the potential energy of a 3D anisotropic quantum
harmonic oscilator whose eigenvectors are |nx, ny, nz〉
and eigenvalues are E(0)(nx, ny, nz) = ~ω0,shear(nx+ny+
1) + ~ω0,LBM (nz + 1/2). The perturbation potential is
given by
V ′ = Ax4 +By4 + Cz4. (9)
Note that terms of third order on the position operators
give a zero contribution to the first order correction. The
corrections to the frequencies are ∆ω = ∆E(1)/~, where
E(1)(nx, ny, nz) = 〈nx, ny, nz |V ′ |nx, ny, nz〉 are the first
order corrections given by
E(1)(nx, ny, nz) =(
~
2mω0,shear
)2(
3A
(
n2x + nx +
1
2
)
+ 3B
(
n2y + ny +
1
2
))
+
(
~
2mω0,LBM
)2
6C
(
n2z + nz +
1
2
)
.
(10)
For the LBM, the corrections are about a few cm−1 and,
for the lowest branch in Fig. 4 they yield a better agree-
ment with data from Ref. 17. For the shear mode, the
corrections are larger than for the LBM, but they lead to
a worse agreement with experimental results.
IV. CONCLUSIONS
We have evaluated the performance of different vdW
functionals on the description of structural, mechanical
and vibrational properties of graphite. Our results in-
dicate that, although the vdW-DF2B86r functional has
the best overall performance, the vdW-DF1-optB88 is
Figure 5: Calculated force constants for NLG given by
vdW-DF1-optB88 functional. Red circles correspond to the
LBM and blue circles to shear modes.
more adequate for vibrational properties. Many other
functionals, such as vdW-DF1-opt86b, vdW-DF-cx and
RVV10, show very good agreement with experimental re-
sults as well. Even LDA performs well for a few structural
properties, but it provides too small exfoliation energies.
To study the vibrational properties of NLG, we used
the vdW-DF1-optB88 functional. Calculated vibra-
tional frequencies match with great accuracy available
experimental results and predictions of analytical mod-
els based on nearest-neighbor layer interactions. This
suggests that our methodology has predictive power for
the frequencies which have not been measured so far.
Our results reinforce the adequacy of recently devel-
oped vdW functionals and their importance to the study
of graphene-based layered systems, other layered two-
dimensional materials and van-der-Waals heterostruc-
tures and illustrate the need of inclusion of vdW inter-
actions in order to correctly describe these properties,
especially those related to out-of-plane atomic displace-
ments.
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